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13 A linear functional B on the space of all bounded sequences ., is called a Banach

2. Main Results

It follows from results of [4, 5] that there is a canonical bijection between positive
normalized singular traces on the weak trace class ideal and Banach limits.

Since extended ¢-function residues form a subclass in the class of all positive
normalised singular traces [9], they correspond to Banach limits of a special type.

It was proved in [8] that if y is an extended limit on L, (0,0), then an extended
zeta-function residue ¢,, corresponds to a Banach limit defined by setting
(1) B,1(x) = log2-y (t — %Z,‘;‘;O xk2"‘/t) , X E lg.

Some characteristics of Banach limits of the form (1) were given in [8]. In this note
we further characterize these Banach limits.

Lemma 2.1. If y is an extended limit on L, (0,), then for every n=1, 2, .... the
functional B, ,, is defined on 1., by setting
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(n—-1)!

B, (x) = y (t — o (k + 1)n—1xkz—'</f) x € L.

is a Banach limit.

There is a relation between all Banach limits B,,,, from Lemma 2.1. To describe it
we define generalized Cesaro operators C,: L, = [, as follows:

(CoX)m = mok+ D, n=1,2,..

Note that when n = 1 we obtain the classical Cesaro operator.

_n
(m+1)"

Lemma 2.2. If y is an extended limit on L (0,0) and B, ,, are defined as in
Lemma 2.1, then one has

B]/,Tl = B]/,Tl+1 o Cn, V n 2 1.

The previous two results are proved in [8] for n = 1 and 2 only.

The operators C,, have interesting properties. In particular, a Banach limit B is
Cesaro invariant (thatis, B = B o C) if and only if it is invariant with respect to all
Cy (thatis, B = B o C, foreveryn = 2,3, ...).

This fact implies the following result:

Proposition 2.3. Let y be an extended limit on L, (0,0) and B, ,, are defined as
in Lemma 2.1. If some B, ,, is Cesaro invariant, then all B, ;, 1 <i <n are
Cesaro invariant.

The following result is an analogue of the classical Sucheston result [7] for Banach
limits corresponding to ¢- function residues. Also this should be compared with [6,
Corollary 13].

Theorem 2.4. If y is an extended limit on L,(0,0), then the Banach limit B, ;
satisfies the conditon —p(—x) < B, ; < p(x), x € l,, where the convex
functional p on [, is defined by the setting

p(x) = lim,,_,. limsup,,_,c ﬁ Rom+1—k)™1x,x €l,.

The following result shows that B, ; cannot be an extreme point of the set of all
Banach limits.

Theorem 2.5. The set of Banach limits corresponding to the residues of ¢-function
is disjoint with the set of extreme points of the set of all Banach limits.
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